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Abstract
This paper describes system analyze of the Windkessel models. The equations, space state and transfer functions of 2, 3
and 4 elements Windkessel models are described. The Simulink environment model schemas are presented as well.
The Bode frequency and step response analyses are presented for all three models as well. Moreover the simulation of
the special input signal which represents blood flow is described. The output signals are compared between each other
and with existing published Winkessel models simulation. The results of comparison are discussed.
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Introduction

Description of the models

The first Windkessel model was introduced by Otto
Frank, the German physiologist. It was the hydraulic
circuit consisting of a water pump connected to a
chamber. It serves to simulating the real cardiac circle
and to researching some important parameters of this
circle, e.g. the interaction between the stroke volume
and the compliance of the aorta and large elastic
arteries [1].
The electrical circuits behave very similarly as the
real model. Models could be simulated using RC and
RL circuits which current source. The output voltage
characterizes the blood pressure in vessels.
The Windkessel models could be used for measure
brachial artery blood flow or estimation of cardiac
output and stroke volume [2, 3].
This article presents basic equations simulations and
system analyzes which can be used for next research
purposes like to compare simulations with mechanical
model of cardiovascular system [4].
This analyze is also important for next estimation of
model parameters from cardiac output and invasive
blood pressure measurement. For analyze were used
parameters which are described in the article [1].
The comparison and verification with existing
published Windkessel model which was simulated in
Matlab environment is described. The differences
between obtained and existing results in Matlab
simulations are discussed in conclusion.

In the Figure 1 are shown electrical circuits of all
three types of Windkessel models. The models are
created by a combination of RC and RL elements

Fig. 1: Three types of Windkessel models [1].
There are two functions variable in time. The first
one i(t) is the input function and shows blood flow and
the second one u(t), the output function, represents the
blood pressure. These two functions are appeared in all
three Windkessel models.
Simulation parameters
The parameter R describes the total peripheral
resistance. The compliance of veins is represented by C
parameter. Both of parameter are used in all
Windkessel models.
The next r parameter simulates aortic or pulmonary
value. It is a resistance to blood flow. This parameter is
used only in 3 and 4 element Windkessel model.
The last parameter L represents the inertia of blood
flow. This parameter is implemented in 4 element
Windkessel model [5].

Every change of R, L, C or r parameter produces a
change of simulation results. The values that have been
used in all the simulations are R = 0.79, C = 1.22, r =
0.056, L=0.0051. They have been obtained from the
article [1].
2 elements Windkessel model
The first one is very simple 2 elements Windkessel
model (2WM). The differential equation (1) describes
the model.

i (t ) =

u (t )
du (t )
+C⋅
R
dt

(1)

From this differential equation, we can get the
following description of the space state matrices and
transfer function of 2WM.
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In the Figure 2 is shown Simulink schema of 2WM.

Fig. 4: 2WM Step response.
3 elements Windkessel model
The next model is 3 elements Windkessel modes
(3WM). This model has better simulates blood pressure
curve, because the parameter r is added. The 3WM is
described differential equations (4) and (5) which are
described here.

uC (t )
du (t )
+C⋅ C
R
dt
u (t ) = i (t ) ⋅ r + uC (t )

i (t ) =

(4)
(5)

The space state matrices (3) and system transfer
function (4) of 3WM model are written below. This
model in contrast with 2WM has one pole and one
zero.
Fig. 2: 2WM Simulink model schema..
Using the transfer function the Step and Bode
frequency response can be simply obtained in Matlab
environment. The frequency response is displayed in
the Figure 3 and the Step response is show in
the Figure 4. Based on these plots can be argued that
this model behaves like low pass filter.
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In the Figure 3 is shown Simulink schema of 3WM.
Moreover except of the feedback this model uses
feedforward.

Fig 3: 3WM Simulink model schema.
Fig. 3: Bode frequency response.

The step response and Bode frequency response are
displayed in the Figures 4 and 5. These simulations
demonstrate that 3WM is low pass filter like a 2WM.
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The Simulink model schema is shown in
the Figure 6. This schema has two feedbacks and one
feedforwards. This model is 2nd order system.
In the Figure 7 and 8 are plotted step and Bode
frequency response of 4WM model.

Fig. 4: 3WM Step response.

Fig. 6: 4WM Simulink mode schema.

Fig. 5: 3WM Bode frequency response.

4 elements Windkessel model
The last 4 elements Windkessel model (4WM) is the
most realistic approximation of the real biologic
system. This model is expanded on r and L parameter.
The differential equations of 4WM model are below.

duC (t )
1
1
=−
⋅ uC (t ) + ⋅ i (t )
dt
R ⋅C
C
L di (t )
i (t ) = iL (t ) + ⋅ L
r
dt
u (t ) = uL (t ) + r ⋅ (i (t ) − iL (t ) )

Fig. 7: 4WM Step response.

(9)
(10)
(11)

The space state matrices (12) and transfer function
(13) description of this models is a bit more difficult
than description of 2WM and 3WM models.

s 2 RCLr + sLR + sLr + Rr
H (s) = 2
(12)
s RCL + sL + sRCr + r

Fig. 8: 4WM Bode frequency response.

Blood flow input signal

Comparison with existing model

The described input signal was used for simulation of
the blood flow. The signal was taken from [1]. This
signal input function is described by the formula (14).
In spite of very realistic input signal curve, the
cardiac output per minute of this signal is incorrect.
When the beat blood ejection is 500 ml per each beat,
the total cardiac output is in 72 beats per minute
36 liters. The usually physiological cardiac output of
healthy man is about 5 liters per minute.
Whereas these values are not physiological, they
were used for next simulations for existing model
result comparison.
In the Figure 9 is shown the input signal curve which
is created according to the description in formula (10).
Moreover the signal frequency spectrum is
displayed in chart in the Figure 10. The signal contains
only frequencies lower that approximately 10 Hz. This
information is very important because all models
behave like low pass filters.

In the Figure 11 are depicted curves from simulation
which are presented in publication [1]. These results
look very unrealistic because of many non-linear
shapes in blood pressure signal simulations.
The result of our simulations with same parameters
and models are different than results described in [1].
In the Figure 12 are displayed blood pressure output
curves of all three models from our simulations.
The reason of difference between two same
simulations was not observed. It is possible that results
presented in [1] could be obtained by methods that
were not presented in the publication [1].
The most realistic blood pressure curves were
obtained from 4WM simulation, because the 2WM and
3WM models are very simple to create dicrotic notch.
The differences between output signal amplitude of
models is subject of next research.
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Fig. 11: Published results of all three Windkessel
models simulation [1]. Arterial pressure for three WM
(a – measured pressure (solid line), b – 4WM (dashed
line), c – 3WM (dot line), d – 2WM (dot-and-dash
line))

Fig. 9: Simulation of input function i(t) (blood flow).

Fig. 12: Simulation of all three Windkessel models.
Fig. 10: Spectrum of input function i(t) (blood flow).

Conclusion
The system analyze of Windkessel models was done.
The 2, 3 and 4 element Windkessel models were
created and simulated in Matlab Simulink environment.
The differential equations, state space matrices and
transfer function were described in the paper.
The frequency response Bode plot and step responses
were presented as well.
In spite of using same R, L, C and r constant
parameters for simulation as in existing published
simulation, the different results were obtained.
In addition the all output values were compared with
each other.
The calculated results will be compared with other
kinds of cardiovascular system models.
This analyze will be also used for better estimation
of model parameters from cardiac output and invasive
blood pressure measurement.
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